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Abstract. Knowledge of ice crystal terminal velocities, both for individual crystals and for
size distributions, is important for an adequate representation of ice particle sedimentation
in climate models. While the terminal velocities (v t) of individual crystals of simple shapes
have been measured, theoretical relations of the form v t 5 ADB (where D is the
maximum particle dimension), obtained using expressions for the aerodynamic drag force,
are often more useful because they can be applied to a wide range of particle sizes and
heights and temperatures in the atmosphere. For high tropospheric ice clouds the
coefficient A has been found to vary over 1 order of magnitude; the exponent B is
generally within the range 0.7–1.4. Aerodynamic drag force calculations show that A and
B are related. A and B can also be used to characterize terminal-velocity–particle
characteristic size relations for size distributions. In this study we use collocated, vertically
pointing measurements of ice cloud radar reflectivity, Doppler velocity, and IR brightness
temperatures to estimate the vertical profiles of cloud particle characteristic size, cloud ice
water content, and vertically averaged value of the coefficient A, emphasizing cirrus
clouds. We analyze variations in terminal-velocity–size relations for individual particles
and corresponding variations for ensembles of particles: for example, in relations between
the reflectivity-weighted terminal velocity and the median volume size and between the
mass-weighted terminal velocity and the median volume size. The retrievals indicate that
A ranges from ;250 to almost 4000 (cgs units), similar to the range found from the
theoretical calculations. The coefficient A tends to decrease as a characteristic particle size
(e.g., median size) increases. As a simplification for climate modeling efforts, we present
an empirical relation between median size and A, although there is a fair amount of
variability about this relation. Using the Doppler measurements and retrieval data, we also
derive relations between the mass-weighted terminal velocity and cloud ice water content.
Such relations are useful for representing fallout of ice particles in climate and cloud-
resolving models.

1. Introduction

Unlike water drops, ice particles of a given size falling at a
particular height can have very different terminal velocities,
depending on their shape (habit), bulk density, and fall atti-
tude. For the common types and sizes of particles found in
high-altitude ice clouds such as cirrus, terminal velocities of
individual particles can vary from few centimeters per second
to about 1 m s21. These velocities have been measured (mostly
for large ice particles such as snowflakes) or derived theoret-
ically using expressions for the aerodynamic drag force and
empirical relations between particle mass and size and particle
projected area and size. The results of both calculations and
experimental studies are usually expressed in a power-law
form. A list of relevant theoretical studies is given by Mitchell
[1996].

Knowledge of the terminal velocities of individual ice crys-
tals, or of mean values that represent size distributions, are

both important for cloud and climate modeling [e.g., Starr and
Cox, 1985]. Ice clouds, especially cirrus, have been recognized
for their relevance to the radiative balance of the Earth’s
atmosphere. The radiative impact of cirrus clouds is deter-
mined, in part, by the significant temporal persistence and
spatial extent of this cloud type. The crystal fall velocities are
a key element which determines the lifetime and spatial extent
of these clouds. Vertical air motions modulate the fall veloci-
ties, but over the course of a cloud’s lifetime, the net particle
velocities are positive downward. Cirrus clouds also affect the
climate system indirectly through the vertical redistribution of
atmospheric water vapor [Petch et al., 1997].

The use of millimeter wavelength Doppler radar provides a
powerful tool for measuring cloud properties. These radars, by
themselves and especially in combination with other instru-
ments, can be used effectively for remote sensing of micro-
physical parameters in ice and liquid water clouds [e.g., Kropfli
et al., 1995]. In a vertically pointing mode and with proper time
averaging (of the order of several hours), to remove small-scale
air vertical motions, the measured Doppler velocity can be
used to estimate the reflectivity-weighted cloud particle termi-
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nal velocity. Very often, this velocity exhibits a good correla-
tion with reflectivity and cloud temperature, and a relation
between these parameters can be obtained for a particular
period of study [Orr and Kropfli, 1999]. Such a relation derived
for a particular cloud allows estimation of quasi-instantaneous
vertical profiles of reflectivity-weighted particle terminal veloc-
ities.

Measurements taken with a vertically pointed Doppler radar
and coincident estimates of cloud optical thickness from IR
brightness temperature can be used to retrieve vertical profiles
of microphysical parameters such as particle characteristic size
and cloud ice water content [e.g., Matrosov, 1997]. These mi-
crophysical parameters can then be related to concurrent es-
timates of reflectivity-weighted terminal velocity. Such an ap-
proach provides a new way of obtaining observational terminal
velocity–characteristic size and terminal velocity–cloud ice
content relations for clouds with the variety of crystal habits
that often coexist. The observational relations from remote
sensing measurements can then be compared with those avail-
able from model calculations for idealized crystal shapes. The
variability in parameters of these relations can be assessed, and
recommendations can be made for the use of such relations in
cloud and climate modeling.

In this study we apply the remote sensing approach to upper
troposphere ice cloud measurements from a suite of remote
sensing instruments from the National Oceanic and Atmo-
spheric Administration (NOAA) Environmental Technology
Laboratory (ETL). These data were obtained during several
field campaigns, including the First International Satellite
Cloud Climatology Project (ISCCP) Regional Experiment
(FIRE II) [Stephens, 1995], the Atlantic Stratocumulus Tran-
sition Experiment (ASTEX) [Randall, 1995], the 1995 Arizona
Program [Klimovski et al., 1998], and the Atmospheric Radia-
tion Measurement (ARM) Program [Stokes and Schwartz,
1994] intensive operation periods (IOPs).

2. Variability of Theoretical Terminal Velocity–
Size Relations

For an individual ice particle with size D (usually given as
the maximum particle dimension), a parameterized expression
for terminal velocity v t can be given as [Mitchell, 1996]

v t 5 an~2ag/ran
2g!bDb~b122s!21, (1)

where g , n , and ra are the gravitational acceleration, the
kinematic viscosity, and the air density, respectively. Note that
the kinematic viscosity is proportional to the reciprocal of the
air density: n 5 h/ra, and the dynamic viscosity h depends
only on temperature. In (1), a , b , a , b , g, and s are the
coefficients and exponents in empirical mass (m) and pro-
jected to the flow area (P)-dimensional, and Reynolds (Re) 2
Best(X) number power-law expressions:

Re 5 aXb, (2)

m 5 aDb, (3)

P 5 gDs. (4)

The Best number has no dependence on the drag coefficient
and terminal velocity:

X 5 ~2g/ran
2! D2~m/P! , (5)

unlike the Reynolds number, which depends on terminal ve-
locity:

Re 5 ~v tD!/n . (6)

The a , b , a , b , g , and s depend on particle habits, aspect
ratios, and density; also, within the same habit, they might be
different for different intervals of D . However, as shown by
Mitchell [1996], a and b in (2) can be considered to be approx-
imately constant in four different intervals of the Best number
X . The dependence of these parameters on particle habits
within each interval can be neglected. For the fall regime with
10 , X # 585, which is valid for most cirrus cloud particles,
a 5 0.06049 and b 5 0.831.

Equation (1) can also be rewritten as a simple power-law
function of D:

v t 5 ADB. (7)

Mitchell [1996] summarized the power-law coefficients and ex-
ponents a , b , a , b , g , and s for various cloud particle habits
in different size intervals and different fall regimes. According
to (1), each set of these coefficients determines an individual
terminal velocity–size relationship. We used Mitchells’ data to
calculate values of A and B in (7), where the particle major
dimension is oriented perpendicular to its fall direction. The
calculations were performed for a common altitude of high-
altitude ice clouds at 8 km (P 5 350 hPa), assuming ra 5
0.00052 g cm23, and h 5 0.000152 g cm21 s21 (at 2408C).
The results of these calculations are presented in Table 1 for
particle habits found in high-altitude ice clouds.

Since the Best number X depends on particle mass and
projected cross-sectional area, the interval 10 , X # 585 (for
which data in Table 1 are shown) corresponds to slightly dif-
ferent particle size intervals (Dmin, Dmax) for different particle
habits. Dmin, corresponding to X 5 10, ranges from about 60
to 90 mm for the habits shown in Table 1. The values of Dmax

(for X 5 585) usually vary from about 350 to about 550 mm.
Particle size ranges in Table 1 correspond to the validity of the
original mass-dimensional and projected area-dimensional re-
lations from [Mitchell, 1996]. Note that for small hexagonal
columns, Dmin ' 85 mm, so the large value of A for small
particles with this habit ( A ' 12393) is probably not very
representative.

Table 1. Parameters in Terminal Velocity–Size Power
Laws (Equation (7)) for Various Particle Types

Particle Type A B

Hexagonal plates (15 mm , D # 100 mm) 2210 1.16
Hexagonal plates (100 mm , D # 3 mm) 965 1.04
Hexagonal columns (30 mm , D # 100 mm) 12393 1.42
Hexagonal columns (100 mm , D # 300 mm) 1787 1.00
Hexagonal columns (D . 300 mm) 348 0.48
Rimed long columns (200 mm # D # 2.4 mm) 2055 0.98
Crystals with sector branches (Plb) (40 mm # D

# 2 mm)
281 0.70

Broad-branched crystals (P1c) (100 mm # D
# 1 mm)

271 0.71

Side planes (S1) (300 mm # D # 2.5 mm) 1432 1.01
Bullet rosettes (5 branches) (200 mm # D

# 1 mm)
2476 1.23

Assemblages of planar polycrystals (20 mm # D
# 450 mm)

2296 1.13

Calculations made using data from [Mitchell, 1996]. Units are cgs.

MATROSOV AND HEYMSFIELD: USE OF DOPPLER RADAR MEASUREMENTS22,428



It can be seen from the data presented in Table 1 that
particles found in ice clouds can exhibit a wide range of ter-
minal velocity–size relations. The coefficient A can vary by
more than 1 order of magnitude, though the exponent B shows
variability centering around 1 and ranging from about 0.7–1.23
(excluding large hexagonal columns).

According to Mitchell [1996], different sets of coefficients a
and b in (2) and (1) should be used for calculating terminal
velocities for particles smaller than Dmin or greater than Dmax.
For the small-particle fall regime with 0.01 , X # 10, a 5
0.04394 and b 5 0.97. The large-particle regime with 585 ,
X # 156,000 corresponds to a 5 0.2072 and b 5 0.638.
These two regimes correspond to size intervals from a few
microns to Dmin (i.e., X 5 10) and from Dmax (i.e., X 5 585)
to a few millimeters, respectively. Note that though there are
typically many small particles present in cirrus, particles in the
main fall regime (10 , X # 585) usually contribute most to
the cloud radar measurables (i.e., reflectivity and Doppler ve-
locity) and cloud ice water content.

The transition from the main particle fall regime (10 , X #
585) to the smaller particle fall regime (0.01 , X # 10)
results in an increase of both the coefficient A and the expo-
nent B in (7). The opposite is true for the transition from the
main regime to the large-particle fall regime (585 , X #
156,000). This can be illustrated by an example of hexagonal
plates. For plates in the small-particle fall regime, calculations
yield A ' 4000 and B ' 1.35, and in the larger particle
regime, plates are characterized by A ' 210 and B ' 0.6 (as
opposed to A ' 965 and B ' 1.04 for the main regime).

The general tendency for the exponent B and coefficient A
in the terminal-velocity–size relation (7) to diminish when par-
ticle size increases is valid for all particle habits. Furthermore,
the relative increase of particle terminal velocity with size
becomes smaller for larger particles, in part, because the bulk
density decreases with particle size. These results are in agree-
ment with recent findings by Heymsfield and Iaquinta [2000]
who suggested the terminal velocity–size relations listed in
Table 2.

The data from Tables 1 and 2 are shown in Figure 1 as a
scatterplot. It can be seen from this figure that there is a good
correlation between A and B . The best fit analysis yields: B '
0.17 A0.24 with a correlation coefficient of 0.9. Though the
data in Figure 1 are for the main fall regime, the corresponding
values for other regimes (e.g., A ' 4000 and B ' 1.35, and
A ' 210 and B ' 0.6 for large and small hexagonal plates)
are also well approximated by the best power law fit.

For a long time, theoretical calculations resulting in terminal
velocity–size relations such as those discussed above were the
main source for terminal velocity data in cloud models. Now

these data can be supplemented by information about such
relations obtained from Doppler radar measurements. Since
single polarization radar measurements do not readily contain
information on particle shape, it is convenient for the purpose
of analyzing radar data to express particle sizes in terms of
equivalent spherical diameters. The majority of common cirrus
crystals contributing most to ice content and radar reflectivity
have irregular quasi-spherical shapes in the sense that their
dimensions along different directions are close to each other
(e.g., polycrystals, bullet rosettes), and those dimensions D are
close to the diameter of the circumscribed sphere. This nota-
tion for particle sizes will be used in this paper hereinafter.

Since the radar wavelength is usually much larger than typ-
ical cloud particle sizes, it does not resolve the fine structure of
these particles. Complex particles are seen by the radar as
homogeneous scatterers with diminished bulk density rather
than separate entities of solid ice and air pockets. Particle bulk
density here is the ratio of the particle mass to the volume of
that sphere.

3. Variability of Terminal Velocity–Size
Relations From Remote Measurements
3.1. Reflectivity-Weighted Terminal Velocities for an
Ensemble of Particles

The Doppler velocity (VD) measured by a radar pointed
vertically is the sum of the vertical air motion (Va) and the
reflectivity-weighted particle terminal fall velocities (VZ):
VD 5 Va 1 VZ. Orr and Kropfli [1999] suggested an approach
to estimate VZ by assuming that the Va cancels out (or at least
it is small compared to VZ) if measurements of VD are aver-
aged over a sufficiently long time interval (about several
hours). Averaging is performed for small cloud height and
cloud reflectivity bins, and regressions between the averaged
VD (which is an approximation for VZ, in this case) and re-
flectivity (Ze) measurements are obtained through the cloud
depth. These case-dependent regressions can then be used to
estimate the instantaneous vertical profiles of reflectivity-
weighted particle terminal velocity from each profile of mea-
sured Ze. It has been shown that this approach usually pro-

Table 2. Parameters in Terminal Velocity–Size Power
Laws (7) for Various Particle Types. Calculations made
using data from Heymsfield and Iaquinta [2000]

Particle Type A B

Columns (D # 350 mm) 4124 1.31
Columns (D . 350 mm) 667 0.77
Bullets (D # 540 mm) 2282 1.19
Bullets (D . 540 mm) 574 0.72
Bullet rosettes (D # 470 mm) 1166 1.06
Bullet rosettes (D . 470 mm) 716 0.90

Units are cgs.

Figure 1. Relation between theoretical predictions of the co-
efficient A and the exponent B in equation (7). Units are cgs.
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vides reasonable estimates of VZ for clouds with no strong
updrafts/downdrafts (less than about 1 m s21).

A general expression for VZ can be given as

VZ 5

E
0

`

v tSZ~v t! dv t

E
0

`

SZ~v t! dv t

, (8)

where SZ is the Doppler spectrum in the velocity domain. In
the Rayleigh-scattering regime, which is approximately valid
for particles smaller than about 1 mm at Ka-band radar fre-
quencies (l ; 8 mm), (8) can be rewritten in the size domain

VZ 5

E
0

`

K~r!Q~r! ADBN~D! D6 dD

E
0

`

K~r!Q~r! N~D! D6 dD

, (9)

where N(D) is the particle size distribution (PSD), and K and
Q describe reflectivity corrections due to changing particle
bulk density r and shape, respectively. Since ice cloud particles
are usually much smaller than the radar wavelength, the shape
dependence of measured radar parameters for a given particle
class (either prolate or oblate) can be approximately described
as a function of only one parameter, i.e., the particle aspect
ratio (r in (9)). Note that polycrystal and bullet-rosette parti-
cles with r ' 1 constitute a substantial, even predominant,
component of the crystal population in many cirrus clouds.

The parameter K accounts for changes in the complex re-
flective index of ice, mi, relative to that of water, mw:

K 5
u~mi

2 2 1!~mi
2 1 2!21u2

u~mw
2 2 1!~mw

2 1 2!21u2 . (10)

It can be shown [e.g., Atlas et al., 1995] that

K < 0.23r2. (11)

The denominator of (9) represents the radar reflectivity Ze.
If one assumes that particle bulk density, shape, and coeffi-
cients A and B do not change with size and that the PSD can
be satisfactorily described by the gamma function distribution
[N(D) 5 N0Dn exp (2(3.67 1 n)/D0], (9) can be reduced
to

VZ 5 A@G~n 1 7 1 B!/G~n 1 7!#D0
B~3.67 1 n!2B, (12)

where G is the gamma function, n is the order of this distribu-
tion, and D0 is the median volume diameter, a parameter
describing the whole PSD.

It can be seen from (12) that the transformation of the
terminal velocity–size relationship for an individual particle (7)
to one for the ensemble of particles (in terms of the reflectiv-
ity-weighted fall velocity and median size) effectively results in
the change of the coefficient by a factor a1:

VZ 5 Aa1~B! D0
B. (13)

Figure 2 shows a1 as a function of the exponent B for the
approximate range of B predicted by theoretical calculations
(see Tables 1 and 2). The data in this figure are presented for
3 orders of the gamma function PSD (n 5 0, 1, 2). These 3

orders were shown to satisfactorily describe experimental PSD
in ice clouds [Kosarev and Mazin, 1991]. It can be seen that a1

increases with the exponent B by 40–50% over the range of
typical changes in B (0.7–1.3). Variability of a1 due to the PSD
shape also increases with B . Using the relation between A and
B (i.e., B ' 0.17 A0.24), corresponding values of A are also
shown along the abscissa in Figure 2.

Although, as mentioned before, the majority of cirrus par-
ticles are characterized by r ' 1, for the sake of generality, we
analyze here the nonsphericity parameter Q(r). This parame-
ter Q(r) in the general expression (9) accounts for the fact that
nonspherical particles usually scatter radiation stronger than
equal-volume spheres. This fact was mentioned first by Atlas et
al. [1953]. For the density of solid ice, these authors compared
the radar reflectivity of randomly oriented oblate and prolate
particles with that of spheres. Since larger particles (greater
than about 100 mm [e.g., Mitchell, 1996]) which contribute most
in the radar parameters tend to be oriented with their major
dimensions in the horizontal plane, we performed such esti-
mations for different bulk densities and particles randomly
oriented horizontally.

Figure 3 shows the shape parameter Q in (9) calculated here
using the Rayleigh-scattering theory for spheroids [e.g., Bohren
and Huffman, 1983] as a function of aspect ratio r for prolate
(e.g., bullets, columns, needles) and oblate (e.g., plates, den-
drites) types of ice particles. It can be seen from this figure that
the nonsphericity effects are stronger for oblates than for pro-
lates. These effects diminish very rapidly as the particle bulk
density decreases. The results of Figure 3 can be approximated
for r $ 0.1 by a power-law function as

Q 5 r20.41r (oblates), (14)

Q 5 r2~0.26r20.03! (prolates) (r in g cm23). (15)

It is more realistic to assume that the bulk density r de-
creases with particle size. With this assumption a size depen-
dence of the parameters K and Q in (9) is introduced (through
the size dependence of bulk density). The bulk density of
smaller particles (less than ;100 mm) is close to that of solid

Figure 2. Coefficient a1 as a function of the exponent B for
different orders of n of the gamma function size distribution
assuming constant bulk density of cloud particles. Values of
the coefficient A are also shown (from B 5 0.17 A0.24).
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ice [Heymsfield, 1972]. For larger particles the effective bulk
density is proportional approximately to the reciprocal of the
(3-b)-th power of particle size: r ; 1/D32b, and b is about 2
for different particle habits [Mitchell, 1996; Brown and Francis,
1995; Heymsfield and Iaquinta, 2000]. The assumption of a
density decrease with size results in a decrease of a1 compared
to the case r 5 const shown in Figure 2.

This is illustrated in Figure 4 which, like Figure 2, depicts a1

as a function of B but for the case of the bulk density which
decreases with particle size. A value of b 5 1.9 was assumed
for the mass-size relation (3) as suggested by Brown and Fran-
cis [1995]. The data are presented for oblate and prolate par-
ticles with aspect ratio r 5 0.5. It can be seen that the shape
factor does not affect the results significantly since the effects
of K on VZ are more pronounced than those of Q in (9).

For r 5 const, a1 does not depend on the particle median
size D0. When the density changes with particle size, however,
there is such a dependence. The results in Figure 4 were

obtained for D0 5 100 mm. To assess the effect of a decrease
of a1 with an increase of D0, calculations of a1 as a function of
D0 were performed for various values of B and n . The results
of these calculations are shown in Figure 5.

At the lower end of D0 in Figure 5, values of a1 approach
those shown in Figure 2. This is explained by the fact that for
D0 , 30 mm, the particle bulk densities are almost equal to
that of solid ice, since at these values of median volume size,
few of the individual particles in the distribution exceed 100
mm in size. As the median size of the particle ensemble in-
creases, a1 reaches asymptotic values that depend on B and n .

Combined analyses of data in Figures 2–5 show that the
transition from the terminal velocity–size relation for an indi-
vidual particle (v t 5 ADB) to such a relation for an ensemble
of particles in terms of reflectivity-weighted particle terminal
velocity VZ and median particle size D0 results in an increase
of the coefficient A by factor (a1), which can change from
about 1.1 to about 2.3. Larger increases are for smaller parti-
cles because they have larger bulk densities and larger values
of the exponent B . These relative changes (1.1 to 2.3) are still
much smaller than the natural variability of the coefficient A
due to changes in particle habits (see Tables 1 and 2).

3.2. Radar-Radiometer Method

The radar-radiometer method for remote sensing of ice
clouds uses collocated measurements taken by a vertically
pointed radar (typically Ka-band radar) and a narrowband
(l ; 10–11.4 mm) IR radiometer. This method uses vertical
profiles of radar reflectivity Ze and reflectivity-weighted parti-
cle terminal velocities VZ (using the approach from Orr and
Kropfli [1999]) in combination with estimates of cloud IR op-
tical thickness from radiometer measurements for retrieving
vertical profiles of ice cloud microphysical parameters through
an iterative process [Matrosov, 1997].

For an assumed type of PSD (e.g., the first-order gamma
function) the retrieved microphysical properties include verti-
cal profiles of cloud ice water content (IWC) and particle
median size (in terms of either median volume size D0 or
median mass size Dm). In the first iteration a vertical profile of
particle median sizes is obtained from VZ for an assumed value

Figure 3. Nonsphericity correction for radar reflectivity (Q)
as a function of particle aspect ratio for different particle bulk
densities.

Figure 4. Same is in Figure 2 but for the bulk density chang-
ing with particle size and nonspherical particles with aspect
ratio of 0.5 (D0 5 100 mm).

Figure 5. Coefficient a1 as a function of particle median
volume size for different orders of the gamma function size
distribution (n) and exponents B .
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of A (and B through B ' 0.17 A0.24) in the terminal velocity–
size relation, and a profile of IWC is then calculated from
reflectivity measurements using the equation Atlas et al. [1995]:

Ze 5 G IWC D0
3, (16)

where G depends on the shape of PSD (i.e., n) and on the
assumption of particle bulk density as a function of size. The
detailed analysis of the parameter G is given by Matrosov
[1999].

For the retrieved profiles of D0 and IWC a profile of the
cloud absorption coefficient is then calculated, and its vertical
integral (i.e., absorption optical thickness) is compared with
the radiometric estimate of cloud optical thickness. The calcu-
lated and measured optical thicknesses are forced to agree by
changing the value of A (and hence B) for the next iteration.
The iterations are stopped when the calculated and measured
optical thicknesses are within 5%, which is of the order of the
uncertainty of the measured optical thickness. At all iteration
steps the exponent B is assumed to be related to A as shown by
the best fit in Figure 1. A 5 1500 (cgs units) is usually used for
the initial guess and it generally takes about 3–4 iterations for
the convergence of the iteration process.

The microphysical retrieval results of IWC and median size
for high-altitude ice clouds using the radar-radiometer method
were compared to aircraft-based in situ measurements of these
cloud parameters [Matrosov et al., 1995, 1998]. These compar-

isons showed good agreement, and deviations between direct
and remote measurements were generally within the uncer-
tainties of both types of measurements. More details of the
radar-radiometer method for retrieving vertical profiles of me-
dian size and IWC and a value of A in high-altitude ice clouds
are given by Matrosov [1997].

3.3. Results of Retrievals of the Coefficient A Using the
Radar-Radiometer Method

Particle habits in ice clouds can change with altitude and can
vary within a single radar resolution volume. Unlike for IWC
and particle median size, the radar-radiometer method does
not facilitate vertically resolved retrievals of the coefficient A ,
and the retrieval results represent just one vertically averaged
value A# for each vertical profile of radar measurements.

Figure 6 shows the results of the retrievals of coefficient A#
for four representative cases of ice cloud observations from the
ETL field experiments mentioned in section 1. In the cases
shown, collocated microwave radiometer measurements indi-
cated no presence of the liquid phase during the observations.
The time resolution of each estimate of A# is 30 s. The times of
missing data (e.g., around 2000 UTC during the November 26,
1991, case) correspond to intervals when the ice clouds were
blocked from the IR radiometer view by patches of low-level
liquid water clouds. During the retrievals it was assumed that
the shape of the PSD is described by the first-order gamma

Figure 6. Time series of mean retrieved values of the coefficient A (A# ) in particle terminal velocity–size
relations for different observations of ice clouds.
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function, and the particle bulk density diminishes as 21.1
power for larger particles (D . 100 mm) as in the work of
Brown and Francis [1995].

The retrieval results were normalized, as were the data in
Tables 1 and 2, to an altitude of 8 km. The height dependence
of A# due to air density and viscosity changes (not due to
particle habit changes) was accounted for by the expression
[Pruppacher and Klett, 1978]:

A# 5 A# 0~ra/ra0!
«21/~h/h0!

122«, (17)

where the subscript “0” refers to the reference altitude values.
Coefficient « is fairly independent of particle habit and is about
0.9 for smaller particles (0.1 , Re , 4), decreasing to 0.75
for larger particles (4 , Re , 20).

The observational cases presented in Figure 6 comprise a
variety of microphysical conditions. The clouds during these
cases were rather thick and were located between about 5 and
10 km above ground level (agl). The retrieved values of IWC
for these ice clouds varied mostly between 0.001 and 0.1 g m23.
The vertical distributions of retrieved IWC in the ASTEX,
FIRE-II, and Arizona program cases are presented in Figure 3
by Matrosov [1997].

It can be seen from Figure 6 of this paper that in the ASTEX
and Arizona program cases, A# changes quite gradually, while
in the other two cases (especially in the ARM IOP case), more
rapid changes in A# are evident. This shows a higher relative
variability of the cloud properties. The November 26, 1991,

FIRE-II case exhibits a gradual decline of A# . This case was
characterized initially by high cirrus clouds. As a cold front
moved in, cloud bases became lower, reaching about 5 km agl
at around 2130 UTC.

According to the presented data, the dynamic range of vari-
ability in A# is mostly between 250 and 4000 (cgs units), with the
majority of data from 1000 and 2000. Such variability range is
in good general agreement with theoretical calculations shown
in Tables 1 and 2 for particle habits found most frequently in
high-altitude ice clouds.

The smallest retrieved values of A# are about 250, which
agrees with the smallest theoretical values given in Table 1.
Note, however, that such small observational values of A# are
associated with large particles, and A# usually decreases as
particle characteristic size increases. The largest experimental
values of A# were observed during the ARM IOP case (see
Figure 6d) where the particles were generally smaller, as dis-
cussed later. The observed values of A# for this case sometimes
exceed theoretical predictions for the main cloud particle fall
regime (10 , X # 585) but are well within predictions for the
small-particle fall regime (0.01 , X # 10).

It is instructive to compare variations of A# with changes in
the characteristic particle size. Since A# represents a vertically
averaged value, it is logical to compare it with vertically aver-
aged values of cloud particle characteristic size. Figure 7 shows
the time series of the vertically averaged, IWC-weighted, par-
ticle median sizes D# 0 retrieved using the radar-radiometer

Figure 7. Same as in Figure 6 but for vertically averaged median size of cloud particles.
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method for the same ice cloud events as in Figure 6. Values of
D# 0 were obtained by averaging vertical profiles of retrieved
median sizes (D0) and represent a cloud particle characteristic
size for the entire vertical profile.

Comparisons of Figures 6 and 7 reveal a noticeable anticor-
relation between the coefficient A# and the particle character-
istic size D# 0. This fact is in accord with theoretical data pre-
sented in Table 2 for different size intervals of particles with
the same habit. In spite of this anticorrelation, however, the
median size does not determine the value of the coefficient A#
in a one-to-one manner. This can be seen by comparing data
for the beginning of the Arizona Program and the ARM IOP
cases, when similar values of A# (about 2000) resulted from
much different particle median sizes D0. The later were
smaller for the ARM IOP case by a factor of 2 to 3. The
relatively large variability of A# revealed by the experimental
data indicates that there is no unique terminal-velocity–size
relation that can suit all modeling needs. However, accounting
for particle characteristic size can reduce, though not com-
pletely eliminate, the natural uncertainty of these relations.

Figure 8 presents the scatterplot of simultaneous estimates
of A# and D# 0 for the combined data set composed of the
observational cases shown in Figures 6 and 7. The regression
analysis of the data presented in Figure 8 yields the following
best fit power-law relation between A# and D# 0: A# 5 3.5 3 104

D# 0
20.62 (A# is in cgs units and D# 0 is in microns) with a corre-

lation coefficient of about 0.7. It can be seen from Figure 8 that
the data scatter in A# are generally greater for smaller values of
D# 0, which could be, in part, explained by higher relative errors
in measurements of small Doppler velocities. The rate of fall
velocity increase with particle size diminishes as particles grow
larger and their bulk density decreases. This is reflected in
anticorrelation between D# 0 and A# . As mentioned before, the
dynamic range of remotely estimated values of A# is in good
agreement with the theoretical predictions summarized in Ta-
bles 1 and 2.

The retrievals of A# and D# 0 shown above were performed
assuming the first-order gamma function type of PSD (n 5 1)
and quasi-spherical particles (r 5 1). Sensitivity tests indicate
that changing these assumptions in the ranges 0 # n # 2 and

0.3 # r # 1 could result in about 20% changes in the
retrieved values of A# and D# 0. Retrieval uncertainties of such
magnitude are still much smaller than the dynamic range in the
natural variability of A# and D# 0.

4. Terminal Velocity–Ice Mass Content
Relations

Describing the rate of cloud particle fallout is important for
climate model studies. Some cloud models handle this mech-
anism through relations between the mass-weighted particle
terminal velocities and the cloud ice water content (IWC) or
ice mass mixing ratio [e.g., Starr and Cox, 1985]. For simplicity
the terminal velocities are often set to a constant positive value
or zero. The model output depends significantly on the rela-
tions and/or constant values assumed for the mass-weighted
terminal velocities [Petch et al., 1997]. Measurements of the
particle terminal velocities using the Doppler radar, coupled
with simultaneous estimates of cloud IWC from the radar-
radiometer method, can be used to devise these relations.

4.1. Reflectivity-Weighted Versus Mass-Weighted Terminal
Velocities

Analogous to (9), the mass-weighed particle terminal veloc-
ity can be given as

Vm 5

E
0

`

rADBN~D! D3 dD

E
0

`

rN~D! D3 dD

. (18)

Since Vm is of main interest, for cloud-modeling purposes,
while radar provides the reflectivity-weighted terminal veloci-
ties VZ, it is instructive to estimate the ratio of these velocities:

a2 5 VZ/Vm. (19)

The coefficient a2 depends on the same parameters as the
coefficient a1. The variability of a2 was analyzed analogously
to that of a1 as a function of particle median size D0 (see
Figure 5). The results of modeling for different assumed orders
of the gamma function PSD and values of the exponent B are
shown in Figure 9.

The reflectivity-weighted terminal velocities are greater than
the mass-weighted velocities. The variability of a2 is less than
that for a1. Values of a2 are mostly between 1.2 and 2. As in
the case with a1, the coefficient a2 approaches values for the
constant particle bulk density as D0 decreases to less than
about 30 mm.

From (13) and (19), one can obtain

Vm 5 A~a1/a2! D0
B. (20)

It can be seen by comparing Figures 5 and 9 that the ratio
(a1/a2) is close to 1 for smaller particles (50 mm , D , 100
mm), so for this size range, the coefficients of terminal veloci-
ty–size relations for individual particles can be used with good
accuracy to describe such relations in terms of the mass-
weighted terminal velocities and particle median volume sizes
if the particle habit is assumed to be constant. Since both a1

and a2 depend slightly on B , D0, and n , model calculations of
this ratio were performed (not shown here) for 0.7 # B #
1.3, 20 mm # D0 # 500 mm, and 0 # n # 2. These

Figure 8. Scatterplot of vertically averaged values of A# (cgs
units) and median volume size of cloud particles D# 0, as deter-
mined by the radar-radiometer remote sensing method.
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calculations indicate that for larger-particle populations (D0 .
200 mm) the ratio (a1/a2) is about 0.8, so the mass-weighted
fall velocities are about 80% of the fall velocity of an individual
particle whose size is equal to the median volume size of the
population D0. Note that D0 are substantially greater than the
modal size Dmod, which is defined as the size where the size
distribution function reaches its maximum value. For the first
and second orders of the gamma-function size distributions
Dmod ' 0.21 D0(n 5 1) and Dmod ' 0.35 D0(n 5 2),
respectively.

4.2. Vm-IWC Relations

To illustrate possibilities of constructing Vm-IWC relations
from data obtained using the remote sensing method, we
present a scatterplot in Figure 10 for the ASTEX June 23,
1992, case where retrieved IWC values are plotted against
corresponding values of Vm. Here again, vertical profiles of
IWC and VZ were obtained using the radar-radiometer
method and the approach by Orr and Kropfli [1999], respec-
tively. Values of Vm were calculated from estimates of VZ

using the coefficients a1 and a2 from Figures 5 and 9. As
before, during the microphysical retrievals it was assumed that
the shape of the PSD is that of the first-order gamma function
(n 5 1), and the exponent B is related to the coefficient A by
means of the best power-law fit B 5 0.17 A0.24. These as-
sumptions determined values of the coefficient a2 for conver-
sions of vertical profiles of VZ to vertical profiles of Vm. Note
that for typical particle median sizes D0 during this case (see
Figure 7b) Vm ' 0.65 VZ.

Each scatterplot dot in this figure represents IWC and Vm

values estimated with the 30 s temporal and the 37.5 m spatial
resolutions. IWC in high-altitude ice clouds can vary as much
as 4 orders of magnitude [Dowling and Radke, 1990]. For the
observations presented here, however, the majority of the re-
trieved IWC values were in the interval from about 0.002 to
0.2 g m23. The relative lack of data with very small values of
IWC is explained by the current sensitivity of the radar used for
these measurements (230 dBZ at 10 km range) and hence its
inability to observe very tenuous clouds with small ice contents.

An empirical best fit power-law approximation,

Vm 5 jIWC:, (21)

was derived for this observational case (j ' 0.63 and : ' 0.24
if IWC is in g m23 and Vm is in m s21). Mass-weighted termi-
nal velocities increase with IWC since higher values of cloud
mass are, on average, associated with larger particles which
have greater terminal velocities. These larger particles also
exhibit smaller variations in terminal velocities. This is one
factor which results in a relative decrease of data scatter as
IWC increases. The largest data scatter is seen for small cloud
contents which, in part, can be attributed to larger relative
uncertainties in measuring small amounts of IWC and small
terminal velocities. Note that assumption of n 5 2 or n 5 0
rather than n 5 1 will result in about 20% increase (for n 5
2) or 20% decrease (for n 5 0) of Vm values relative to those
calculated from (21) using j ' 0.63 and : ' 0.24.

A general increase of Vm with IWC is not very pronounced,
however, which can be explained by the tendency for dVt/dD
to decrease with increasing particle size. The exponent : and
the coefficient j in (21) exhibit a noticeable variability from
case to case. For the observational case considered here j was
changing form about 0.4 to about 0.65 and : was changing
from about 0.17 to about 0.35. The variability of j and : due to
the assumption of n (0 # n # 2) is less than the variability in
these quantities on the case-to-case basis.

5. Conclusions
Theoretical calculations of ice particle terminal velocities as

a function of size indicate large variability in the relations v t 5
ADB for common ice cloud particle types. According to these
calculations the variability of the coefficient A can exceed 1
order of magnitude (generally 270–4300 in cgs units) for the
main fall regime with Best numbers X between 10 and 585. The
coefficient A could reach even greater values for a small-
particle fall regime (0.01 , X # 10). The exponent B varies
usually from about 0.7 to 1.4. There is a correlation between A
and B , and both parameters have a tendency to decrease when
particle size increases, so the rate of increase of v t decreases
with particle size.

It has been shown that the transition from the terminal
velocity–size relation for an individual particle to that for an

Figure 9. Ratio, a2, between reflectivity-weighted and mass-
weighted particle terminal velocities as a function of particle
median volume size D0.

Figure 10. Scatterplot of mass-weighted particle terminal ve-
locities Vm versus cloud IWC for an ice cloud observed on
June 23, 1992, during ASTEX.
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ensemble of particles results in an effective increase of the
coefficient A if the relation is considered in terms of reflectiv-
ity-weighted terminal velocities (VZ) and median volume par-
ticle sizes D0. The corresponding increase amounts to a factor
of 1.1–2.3, depending on the details of the particle size distri-
bution and density.

Measurements taken by vertically pointed Doppler radar in
combination with collocated IR radiometer data from different
field programs provided an opportunity to experimentally es-
timate the parameters of the terminal velocity–size relations.
The Doppler radar data were used to estimate the reflectivity-
weighted terminal velocities of cloud particles and the retriev-
als from the radar-radiometer method were used to estimate
the particle median sizes and cloud IWC. On the basis of these
data the vertically averaged values of the coefficient A (i.e., A# )
in the terminal velocity–size relation were estimated for rep-
resentative high-altitude (5.5–10.5 km) ice cloud cases. These
experimentally estimated values of A# exhibited variability in
the approximate range from 250 to 4000 (cgs units), with the
majority of estimates between 1000 and 2000. Such a variability
is in good agreement with theoretical predictions, given uncer-
tainties in the details of the particle size distributions and
transitions between different fall regimes of cloud particles.

According to the retrieval results, a noticeable negative cor-
relation was present between A# and vertically averaged particle
median size D# 0. This is a result of particle fall velocities grow-
ing with particle size at a slower rate as particles become larger
and their bulk density diminishes. This finding is also consis-
tent with theoretical predictions. Accounting for this correla-
tion can reduce uncertainties in terminal velocities–size rela-
tions; however, it cannot be used for accurate predictions of
such relations since changes in A# for the same value of D# 0 can
be more than a factor of 2 or 3. This variability indicates a
spatial and temporal diversity of particle habits in natural ice
clouds.

The radar estimates of VZ and retrievals of cloud ice water
content made with the radar-radiometer method can be used
to derive empirical regressions between IWC and mass-
weighted vertical velocities Vm. These relations are useful for
climate models since IWC is a prognostic variable and realistic
expressions for deriving sedimentation rate are largely unavail-
able. Depending on the cloud particle characteristic size and
details of the particle size distribution, the ratio VZ/Vm varies
from about 1.3 to almost 2. The derived Vm-IWC regressions
exhibit significant data scatter, but the scatter decreases with
increasing cloud ice content. For a typical high-altitude ice
cloud case from ASTEX we obtained the coefficient and the
exponent in the Vm-IWC regressions 0.63 and 0.27, respec-
tively, where IWC is in g m23 and Vm is in m s21. The values
of the coefficient and the exponent, however, vary from case to
case quite significantly.
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